Most engineering models contain several parameters, and the map from input parameters to model output can be viewed as a multivariate function. An active subspace is a low-dimensional subspace of the space of inputs that explains the majority of variability in the function. Here we describe a quick check for a dominant one-dimensional active subspace based on computing a linear approximation of the function. The visualization tool presented here is closely related to regression graphics [4, 3], though we avoid the statistical interpretation of the model. This document will be part of a larger review paper on active subspace methods.
5. Let w = a / a where a = [â 1 , . . . ,â m ] T is the last m coefficients (i.e., the gradient) of the linear regression approximation.
6. Produce a scatter plot of w Tx j versus f j .
Here is a MATLAB implementation of this procedure, assuming there is a function mymodel.m that computes the model output f given inputs and vectors xl and xu containing the lower and upper bounds of the input parameters. To demonstrate, we apply this procedure to f (x) = exp(x 1 + x 2 ) defined on the square [−1, 1] 2 . Figure 1a shows the scatter plot using N = 20. Notice the apparent relationship between evaluations w T x j and f j . In fact, this particular f varies entirely along a one-dimensional subspace defined by the vector [1, 1] T . The scatter plot in Figure 1a is equivalent to sampling the three-dimensional surface plot-where the z coordinate is exp(x 1 + x 2 )-and rotating the plot such that the evaluations f j appear to depend on one variable instead of two. The rotated surface plot along with the f j is shown in Figure 1b . This interpretation is valid more generally for functions of several variables. The check for an active subspace finds an angle from which to view the data set {x j , f j } such that a trend emerges in the f j (if such a trend exists) as a function of a new variable y = w T x.
If, instead of the linear regression procedure, we choose the vector w as the ith column of the m × m identity matrix, then we create a scatter plot of f j versus the ith component of x j . Such scatter plots are described in Section 1.2.3 of [6] . However, the vector produced by the regression is special. It is the normalized gradient of the linear regression approximation to f (x). If a global, monotonic trend is present in the f -and if the number of samples N is sufficiently large-then the vector w reveals the direction in the parameter space of this trend. Additionally, the components of w measure the relative importance of the original parameters x. For the function exp(x 1 + x 2 ), we expect the two components of w to be roughly the same.
This procedure is a subjective diagnostic test based on visualization. The viewer must use the scatter plot to judge if such a trend is present. A trend may be obvious, subtle, or absent. For complex functions, it is unlikely that one can know if such a trend exists without running the check. Fortunately, the check is pretty cheap! Once a trend is identified, there are several ways to exploit it. For example, if one wants to maximize or minimize f (x), then the vector w is a direction in the parameter space along which we expect f will increase or decrease. In particular, when the domain of x is an m-dimensional hypercube, then the vector w can identify one of the 2 m corners where f is likely to be the largest. If m is large and f is expensive, then this strategy is preferred to evaluating f 2 m times.
If one is attempting to invert f to find parameters that match a given measurement, then this trend can help identify sets of parameters that map to the measurement. If one wishes to predict f at some other values of x, then this trend can help build a coarse surrogate model on a low-dimensional subspace of the parameter space. The trend may also be used to approximate an integral of f over the parameter space.
Examples.
The check for the active subspace has worked surprisingly well for several complex systems. In particular, it has identified a direction in the parameter space that corresponds to a global monotonic trend in the output. Three representative systems and the corresponding plots are shown in Figures 2, 4 , and 3 with a brief description in the captions. More details on these systems can be found in [1] , [5] , and [2] , respectively. We are actively seeking more examples.
There are two common features of these complex models that may explain the perceived trends:
1. When a scientist informally describes the effect of a parameter on a model, it often sounds like the output is monotonic with respect to changes in the parameter; more of x 3 leads to less f . This may suggest a global monotonic trend in the model as a function of the parameter. 
2.
A model is often given a nominal parameter value corresponding to a theoretical or measured physical case. Back-of-the-envelope estimates of the uncertainty in the input parameters often take the form of a 5-10% perturbation about the nominal value. Despite the complexity of the system, this type of perturbation often results in little change in the model. More importantly, it results in small rate of change. In such cases, the linear model represents the global trends well within the range of the input perturbations.
These explanations are based on experience with several models. Of course, there are many complex systems that do not behave this way. In such cases, the check for the active subspace may lead to nothing useful. However, given the low cost of the check and the potential insights into the model, we think it is well worth the effort.
